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Abstract-A semiclassical model of the water molecule is formulated as an eleven-body problem. 
The stiff system of differential equations is run for two billion time steps using an energy conservative 
numerical method. The results are entirely consistent with the experimental bond length and bond 
angle measurements over the period considered. 
1. INTRODUCTION 
Perhaps the most basic fluid in scientific studies is water. But, though much is known experi- 
mentally about the fluid, rigorous dynamical models which simulate the vibrational motions are 
not available [l]. Static models, both classical and quantum mechanical, are abundant, like those 
of Bader, Bernal, Duncan and Pople, Ellison and Shull, Gillespie, Heath and Linnett, Rowlinson, 
and Verwey [l-3]. 
With the development in recent years of molecular dynamics methodology [4] to fill the void 
created by the inability to implement quantum dynamics, we have been exploring a semiclassical 
approach to simulate water molecule vibrations. Our approach is semiclassical in the sense 
that the dynamical equations are Newtonian, but the model incorporates electron attraction for 
the bonding electrons [5]. Of course, electron attraction is not unknown in science, since it is 
fundamental to the quantum mechanical theory of superconductivity [6] and to the valence-shell 
electron pair theory of directed valency [3]. 
In this paper, we discuss an extensive simulation of a particular semiclassical model on a CLAY 
YMP supercomputer. A large number of initial studies with various parameter choices preceded 
the simulation to be described. 
2. EXPERIMENTAL RESULTS 
On the average, the bond angle of Hz0 is 104.5’ and the bond length OH is 0.9572A [7,8]. 
0 
The two first ring electrons of an oxygen atom have an average radius of 0.0610A and an average 
speed of (0.171453)10’” cm/s [9]. 
We assume that the ground state energy E(Hs0) of the Hz0 molecule is 
E(H20) = -(3333.725)10-l2 erg. (2.1) 
Computations performed on the CFWY YMP at the University of Texas Center for High Performance Computation. 
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This is derived simplistically as follows. Since (7-91 
Hz0 + H + OH (+(8.3157)10-I2 erg), 
OH-+O+H (+(7.6835)10-l2 erg), 
then 
H20 -+ H + H + 0 (+(15.9992)10-i2 erg). 
Hence, 
E(H20) = -2E(H) - E(0) - (15.9992)10-l2 erg 
= -2(21.784)10-I2 - (3274.158)10-l2 - (15.9992)10-l2 
= -(3333.725)10-l2 erg. 
3. NUMERICAL CONSIDERATIONS 
In the ground state Hz0 molecule, denote the 0 nucleus by Pi; the protons by Ps and Ps; and 
the electrons by &Prs. 
Assume first that the forces are strictly coulombic. In cgs units, for i = 1,2,. . . ,13, and 
at any time, let Pi be located at ?r = (xi, yi,zi), have a velocity iii = (&,$i,&) and have 
acceleration Zi = (?i, jii, .&). The classical equations of motion for the Pi from given initial data 
are 
13 -+ 
?7Iiai = 
- c 
t?iej Tji 
-- 
2 ’ i=1,2 ,..., 13, 
j=l 
rij rij (3.1) 
in which ?ji is the vector from Pj to Pi, rij = I(r’ijll, and 
ei = 8(4.8028)10-‘” esu (3.2) 
e2 = es = (4.8028)10-10 esu (3.3) 
ei = -(4.8028)10-10 esu, i =4,5,...,13 (3.4) 
ml = 16(16724)10-28 gr (3.5) 
ms = ms = (16724)10-28 gr (3.6) 
mi = (9.1085)10-28 gr, i = 4,5,. . . ) 13. (3.7) 
For computational convenience with regard to (3.1), we make the changes of variables 
i2 = (X, Y, 2) = (x, y, z)lOi2 = lO’V, (3.8) 
T = 1022t 7 w4 
and define 
Q = dXi dYi dZi 
> 
_J, = d2Xi d2Yi d2Zi 
z 
dT’dT’dT ’ z F’@‘S ’ > 
(3.10) 
so that 
We also set 
5. = loisQ. a’. = 1~32A. 
z 2, * *’ (3.11) 
M. = 102*m. z 2, 
Ei = 10”ei. 
(3.12) 
(3.13) 
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In the new variables, (3.1) reduces to 
in which 
(3.14) 
Ei = 8(4.8028), (3.15) 
Ez = E3 = 4.8028, (3.16) 
Ei = -4.8028, i = 4,5,. . . ,13, (3.17) 
Ml = 16(16724), (3.18) 
M2 = M3 = 16724, (3.19) 
Mi = 9.1085, i = 4,5,. . . ,13. (3.20) 
The discussion and calculations proceed now in (X,Y, 2) space using the dynamical equa- 
tion (3.14). 
Consider the following arrangement of Pi-Pis, which incorporates a high degree of symmetry. 
As shown in Figure 2.1, Pi is at the origin. Ps and P’s are in the XY plane and are symmetrical 
relative to the X axis. Thus, X2 = Xs and Ys = -Ya. Pd-P7 are set at the vertices of a rectangle 
in such a fashion that X4 = X5 = Xs = Xr; Y4 = Ys = -Ye = -Yr, 24 = Zr = -Z, = -Zs. Ps 
and Pig are in the XZ plane with Xs = X 10, Zs = -Zic while Pg and PII are in the XY plane 
with Xs = Xii, Yg = -Yri. Finally, Pi2 and Prs are assumed to be the first ring electrons of 
oxygen and are set at (O,O, 610), (O,O, -610). 
Figure 2.1. The initial configuration. 
We now pair the electrons P4 -PII as follows: (P4, PG), (Ps, PT), (Ps, So), (Pg, PII). Assuming 
that the first two pairs are bonding pairs and that the second two pairs are nonbonding pairs [3], 
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we interpret this to mean that P4 and Ps attract, as do Ps and PT, while Pa and 90 repel, as 
do Pg and PII. Thus, the terms E4E6 and EsE7 in (3.14) are changed to -E4E6 and -EsE7, 
respectively. 
From the symmetries shown in Figure 2.1, initial data prescribed for ground state Hz0 must 
satisfy the classical energy equation 
-(3333.725)10-4 = ;(16)(16724)V,2 + $16724) (V; + V3”) 
+ i(9.1085) (Vi + V; + VG” + V7” + V; + Vg” + Vfo + Vfl + Vt2 + V&) 
16 32 16 16 16 
+ 23.06689 - - - - - - - - - 
R12 R1,4 R1,8 $9 R1,12 
1 4 4 4 2 2 4 +R2,3_-_-_----_-_ 
R2,4 R2,S R2,8 R2,9 R2,11 R2,12 
2 2 2 4 4 + --- + - + - + - 
R4,5 R4,6 R4,7 R4,8 R4,9 
4 4 4 4 4 1 ---- 
+R4,10 + R4,11 + R4,12 + R4.13 +Rs,s+ R8,lO 
2 2 1 4 --__ 
+R8,12 + R8,13 + R9,11 + &,I2 
4. EXAMPLE 
Let us consider now a particular example of the dynamical behavior which can result for the 
model described in Section 3. 
Consider the initial positions and velocities recorded in Table 1. All the data were assumed 
except for VX for Ps, Pg, PIO, and PII. Under the assumption that these four values are the 
same, equation (3.21) then yields the values recorded in the table. 
Now that the initial data are fixed, we proceed to calculate the resulting dynamical motion 
under the following simplification. It is assumed that Pi2 and Pi3 are absorbed into PI, thus 
yielding the charge El = 6(4.8028) and essentially the same Mr. In this fashion, using the entries 
for Pl-Pll in the table, one now has an eleven-body problem, the numerical solution of which is 
determined using energy conserving methodology [lo]. (For the interested reader, the FORTRAN 
computer program is available in the appendix of [ll].) A variable time step was incorporated 
into the program as follows. In general, AT = 0.01. However, if for any two particles Pi and Pj 
one finds 250 5 Rij < 1250, then AT = 0.001, while if Rij < 250, then AT = 0.0001. 
Pl 
p2 
P3 
p4 
p5 
p6 
p7 
83 
PQ 
PlO 
fil 
p12 
p13 
X Y 
0 0 
5800 7600 
5800 -7600 
0 5000 
0 5000 
0 -5000 
0 -5000 
8000 0 
8000 8000 
8000 0 
8000 -8000 
0 0 
0 0 
Table 1 
z 
0 
0 
0 
5000 
-5000 
-5000 
5000 
8000 
0 
-8000 
0 
610 
-610 
vx 
0 
0 
0 
0.0325 
0.0325 
0.0325 
0.0325 
0.01552235937 
0.01552235937 
0.01552235937 
0.01552235937 
0.171453 
-0.171453 
VY 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
VZ 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
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The model was run for two billion time steps. In Table 2 are recorded the bond length and 
bond angle variations. These variations are recorded for the time periods 2OOOOOOOO(k - 1) - 
2OOOOOOOOk, k = 1,2,. . . , 10. The initial and terminal values recorded for each k are those at the 
initial and terminal times of the calculation. Intermediate values are the relative maxima and 
minima which occurred during the run. 
Table 2. 
k Bond Length Bond Angle 
1 9560, 9562, 9561, 9562 105.301°, 105.283’, 105.290”, 105.279’, 105.280’ 
2 9562, 9566 105.280=‘, 105.283’, 105.260’, 105.261°, 105.241’, 105.253’, 105.092 
3 9566, 9572 105.092’, 105.227”, 105.199’, 105.210’ 
4 9572, 9576 105.210°, 105.180’, 105.196’, 105.170”, 105.181”, 105.144’ 
5 9576, 9584 105.144”, 105.165O, 105.135’, 105.145O, 105.109” 
6 9584, 9592 105.109’, 105.120’, 105.085O, 105.093’, 105.061’, 105.068=‘, 105.061” 
7 9592, 9599, 9598 105.061’, 105.030’, 105.036’, 105.014”, 105.022’, 105.020° 
8 9598, 9601, 9598 105.020”, 105.010’, 105.025’, 105.014’, 105.027O, 105.018’ 
9 9598, 9589 105.01.8°, 105.014’, 105.029”, 105.014’, 105.016’= 
10 9589, 9588, 9589 105.016’, 105.008’ 
Variations in bond lengths and bond angles are recorded for the times 200000000(k - 1) - 2OOOOOOOOk, 
k = 1,2,. (10. The first and last entry for each k are the initial and terminal values for that period. 
The intermediate values are the relative maxima and minima for that period. 
2 
Figure 3.1. Motion of P4 projected into the XZ plane. 
The table reveals that the bond length d varies from a minimum value of 9560 to a maximum 
value of 9601, whose average value is 9581. The experimental average bond length is 9572 [3]. 
18 D. GREENSPAN 
For k = 2,3,4,5,6, d increases monotonically. The most dramatic decrease for d occurs for k = 9. 
The bond angle exhibits extensive oscillations on its downward motion from 105.301’ to 105.0089 
The experimental average is 104.59 The calculated results are moving in the correct direction. 
I 
Figure 3.2. Motion of P4 projected into the XY plane. 
6000 
At the end of two billion time steps, the stiffness of the problem increased dramatically. This 
happened because P4, P5, P6, P7 had moved to about 10000 units from the oxygen nucleus 
and Pa and PRO were also about the same distance away. The resulting collision due to the 
strong attraction to the oxygen nucleus resulted in a relatively large outward velocity for both Pg 
and PIO. The resulting stiffness could not be handled efficiently with the chosen scale for the 
time steps. 
The four electrons P4, Ps, Ps, P7 always oscillated about the 0 nucleus, as shown in Figures 3.1 
and 3.2. The electrons PS and PRO, on the other hand, usually had relatively slow, rather large 
motions, as shown in Figure 3.3. The electrons Pg and PII moved primarily about the protons, 
but did show larger motions during the final 200000000 time steps, as shown in Figure 3.4. With 
regard to Figures 3.1-3.4, it is important to note the scales on the axes. The motion of Pz and P3 
relative to the oxygen nucleus is shown in Figure 3.5. This motion w&s not progressive, but was 
progressive and regressive in a nonuniform fashion. 
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Figure 3.3. Motion of & in the X2 plane. 
Y 
, 
’ 9500 
Figure 3.4. Motion of Pg in the XY plane. 
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I 
(5800,760O) (5845,760O) 
Figure 3.5. Motion of 9 in the XY plane relative to PI. 
5. REMARKS 
The model discussed in Section 4 exhibits fundamental properties known to be valid experi- 
mentally for the water molecule. It suggest further studies which incorporate the following: 
(a) use of smaller time steps. 
(b) application of a different variable time step method, 
(c) variation of initial data so that Pd-PT remain close to PI. 
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